
 

Bilinear form

Defa Bilinear form V n dim't vector space

over 1k is a bilinear form if
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IV W is V W

at R V W EV K K E V

car W a v w

LV the W CV Witch w

W a v7 acw vs

C W V V27 W V Cw v27

Defn symmetric bilinear form or symmetai form
V W CW V7

Defh Iskwsymmetric form alternating form
V W CW US



Ext Euclidean space R

1 we
V W Exigi standard inner product

Angle between non ten v w

i so Este
Ex 2 Minkowski space Lorentz form

C V W if thye Xn ign

XnYn

Ext Ext are symmetric bilinear forms



Gram matrix B Vi Un basis of V bilia
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Prop If Wi Wn V Vn p
is another basis then

Gram matrix under basis BÉi ws

Ga si Pth c i BP matrix
longruency
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Defh A AZ tank congruent if PFG4mg

1 t.PH P A AAE

Def Isometry V1 C K C h
isometrin if I f V V2 sit

v Wy fin fin r well
Such an f is called

isometry

Php Vi Va Ci
are isometric

if the two Gram
matrivel are congruent
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V C
If iso metric to

C
standard



Prop V C symmetric if the

tram matrices are
symmetric A A

From now on C is symmetric

thy polaritation identity symmtin then

V W VTW UTN Cr V7 CW wz

it By expansion
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7hm There exists basis of V V vn

Sylvester such that Ex vi
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or
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Pfi kitten
By p lavitation identity if c is not ten

then I V EV s t Cry V 7 910

Define W I wer low vis 04
Claim W RV V

WARU boy If C View
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dim w n t By indulton on n

W hat balic we Wh sit

CWi W s
0 it
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Let W
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Rearrange the order of me why
Basis V1 Va sit Cui y

0 it
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i j P GTI
The same method for any field Isas

sit Gram matrix's diagonal



Uniqueness

W span tri Up

W span Vptl V9
W

span Vptgt Vn

V W Wz W

if under basis B O

y
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B

P
Ia
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thinking
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Win 1W w to

v air I bjvj tois
I p't

riv É ai since not all aisoin
CV v1

o
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dim W

For the lame reason dim W
dimw

p p and q q pig n p q

p q p 9
Ip g n p q is called the

signature of e s



Sylvester 7hm in terms ofmatrices
real

7hm For any symmetrickatrix A

7 P invertible s t
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